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We develop the N = 8 superﬁeld description of the Bagger–Lambert–Gustavsson (BLG) model in its
Nambu bracket (NB) realization. The basic ingredient is the octet of scalar d = 3, N = 8 superﬁelds
φ I depending also on the coordinates of a compact three-dimensional space M3. It is restricted by
the superembedding-like equation, D A˙φ
I = 2iψBγ IB A˙ , which can be treated as covariantization of the
linearized superembedding equation for supermembrane (M2-brane) with respect to volume preserving
diffeomorphisms of M3. The curvatures of SDiff3 connection are expressed through φ I by the N = 8
superﬁeld generalization of the BLG Chern–Simons equation (super-CS equation). We show how the
dynamical BLG equations appear when studying consistency of these basic equations.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
Recently, motivated by the search for the Lagrangian of mul-
tiple M2-brane system, Bagger, Lambert [1] and Gustavsson [2]
proposed the d = 3, N = 8 supersymmetric action based on Fil-
ippov 3-algebra instead of Lie algebra. A particular inﬁnite dimen-
sional 3-algebra related with three-dimensional volume preserving
diffeomorphism group SDiff3 is given in terms of Nambu brack-
ets (Nambu–Poisson brackets) [3] on a three-dimensional compact
manifold M3. For three functions on M3, Φ(yi), Ξ(yi), Ω(yi)
(i = 1,2,3), the Nambu brackets are deﬁned by
{Φ,Ξ,Ω} := e¯−1 i jk∂iΦ∂ jΞ∂kΩ, ∂i := ∂
∂ yi
(1.1)
(see [4,5] and references therein; here, following [6,7], we have
introduced a ﬁxed M3 density e¯ = e¯(y) in the deﬁnition of Nambu
brackets).
As it was stressed in [4], Bagger–Lambert–Gustavsson model
with Nambu bracket realization of the 3-algebra (NB BLG model)
can be treated as 6-dimensional ﬁeld theory. The BLG gauge ﬁelds
become the gauge ﬁelds for the 3-volume preserving diffeomor-
phisms (see [8] as well as [7] and references therein). The SDiff3
gauge potential is given by the 1-form si = dxμsiμ on R1+2 obey-
ing the conditions ∂i(e¯si) = 0. The SDiff3 ﬁeld strength F i := dsi +
s j ∧ ∂ j si is also M3 divergenceless, ∂i(e¯ F i) = 0,
F i := dsi + s j ∧ ∂ j si, ∂i
(
e¯ F i
) = 0 ⇐ ∂i
(
e¯si
) = 0 (1.2)
* Address for correspondence: Department of Theoretical Physics and History
of Science, The Basque Country University (EHU/UPV), PO Box 644, 48080 Bilbao,
Spain.
E-mail address: igor_bandos@ehu.es.
1 Supported by the Basque Science Foundation Ikerbasque.0370-2693/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2008.09.042(see [7] for more details).
Furthermore, the authors of [4] proposed the identiﬁcation of
the NB BLG model with M-theory 5-brane (M5-brane, see [9] for
equations of motion and [10] for the covariant action) with the
worldvolume chosen to be R1+2 ⊗M3. However, an attempt to ob-
tain the NB BLG model from light-cone M5-brane [6] has resulted
only in reproducing the Carrollian limit of the NB BLG model. This
suggests to study the NB realization of BLG model separately, and
this was the subject of [5–7,11] and also of the original papers [4].
In this Letter we present N = 8 superﬁeld description of the
NB BLG model. It is the on-shell superﬁeld description which does
not allow for constructing the action, but reproduce equations of
motion as the selfconsistency conditions of the basic equations.
2. Basic superﬁeld equations
2.1. Superembedding-like equation for octet of d = 3, N = 8 scalar
superﬁelds
The complete on-shell N = 8 superﬁeld description of the
Nambu bracket realization of the Bagger–Lambert–Gustavsson
model (NB BLG model) is provided by the octet of scalar d = 3,
N = 8 superﬁelds, φ I = φ I (xμ, θαˇ; yi), depending on additional co-
ordinates yi (i = 1,2,3) of a compact space M3, which obeys the
following basic equation
Dα A˙φ
I = 2iγ˜ I
A˙B
ψαB . (2.1)
Here and below α,β,γ = 1,2 are spinorial and a,b, c = 0,1,2
are vector indices of SO(1,2), γ˜ I
A˙B
:= γ I
B A˙
are the SO(8) Klebsh–
Gordan coeﬃcients relating 8v , 8s and 8c representation, which
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perﬁeld which is expressed through φ I by the γ I -trace part of
Eq. (2.1). Finally Dα A˙ is the covariant Grassmann derivative. It is
covariant with respect to d = 3, N = 8 supersymmetry and un-
der the volume preserving diffeomorphisms of M3 (SDiff3 group).
Hence it involves a fermionic SDiff3 connection ς iα A˙ and, when act
on SDiff3 scalars (like φ I and ψαB ), reads Dα A˙ = Dα A˙ +ς iα A˙∂i with
Dα A˙ = ∂∂θα
A˙
+ iγ μαβθβA˙ ∂μ (∂μ := ∂∂xμ ). These SDiff3 covariant deriva-
tives obey3
{Dα A˙,Dβ B˙} = 2iγ μαβδ A˙ B˙Dμ + 2iαβW A˙B˙ i∂i, (2.2)
where Dμ is the vector covariant derivative, which reads as Dμ =
∂μ + isiμ∂i when acting on SDiff3 scalars. It involves the vec-
tor SDiff3 gauge potential siμ deﬁned by s
i = dθα
A˙
ςα A˙ + (dxμ −
i dθ A˙γ
μθ A˙)s
i
μ . The matrices γ
μ
αβ in (2.2) are real and symmet-
ric; they obey γ (μγ˜ ν) = ημνδαβ , where γ˜ μαβ = αγ βδγ μγ δ , with
αβ = −βα = iτ 2 = antidiag(1,−1), and ημν = diag(1,−1,−1), is
the ﬂat metric in the d = 3 spacetime.
Finally, W A˙B˙
i is the basic superﬁeld strength of the SDiff3 gauge
supermultiplet. This carries the indices of 28 representation of
SO(8), i.e., W A˙B˙
i = −WB˙ A˙ i , and is a vector ﬁeld with respect to
SDiff3 gauge group.
2.2. N = 8 superﬁeld generalization of the Chern–Simons gauge ﬁeld
equation
We impose on WB˙ A˙
i the superﬁeld generalization of the Chern–
Simons ﬁeld equation. This reads4
W A˙B˙
i = e¯−1 i jk∂iφ I∂ jφ J γ˜ I JA˙ B˙ . (2.3)
Notice that W A˙B˙
i in (2.3) automatically satisﬁes the condition
∂i(e¯W A˙B˙
i) = 0 necessary for any SDiff3 ﬁeld strength [7] (see (1.2)).
As far as γ˜ I J
A˙ B˙
form the complete basis in the space of anti-
symmetric 8× 8 matrices, an equivalent form of the super Chern–
Simons equation (2.3) is given by
W I J i = e¯−1 i jk∂iφ I∂ jφ J , W A˙B˙ i =: W I J i γ˜ I JA˙ B˙ . (2.4)
3. Bagger–Lambert equations of motion from the basic
superﬁeld equations
The spinor covariant derivative ‘algebra’ (2.2) simulates the con-
straints for SYM ﬁelds. However, Eq. (2.3) implies that the corre-
sponding SDiff3 gauge theory supermultiplet is composed in the
sense that all the ﬁeld strengths are expressed through the scalar
and spinor ﬁelds.
2 The SO(8) generators acting on 8s and 8c spinors are γ
I J
AB := (γ [I γ˜ J ])AB
and γ˜ I J
A˙ B˙
:= (γ˜ [Iγ J ]) A˙ B˙ . Among the useful properties of these d = 8 γ -matrices
are γ I
A A˙
γ I
B B˙
= δABδ A˙ B˙ + 14 γ I JAB γ˜ I JA˙ B˙ , γ I Jγ K L = γ I J K L + 4δ[I|[Kγ L]| J ] − 2δ I[K δL] J and
γ
I J K L
AB γ
I J K L
C˙ D˙
= 0.
3 For simplicity, in (2.1) we presented the anticommutator applied to SDiff3
scalar; the general expression is {D A˙ ,DB˙ } = 2iγ μδ A˙ B˙Dμ+2iLW A˙B˙ , where W A˙B˙ :=
W A˙B˙
i∂i and L is Lie derivative.
4 An interesting, although technical, question is whether/how it can be obtained
from the consistency of the scalar superﬁeld equation (2.1) and constraints (2.2).
However, as far as there is no hope to get an off shell superﬁeld model with 16 su-
persymmetries, at least in the ‘standard’ superspace, (so that the real question is
whether the constraints result in Chern–Simons or in the D = 3 SYM equations) in
this Letter we impose the super-Chern–Simons equation as a constraint.Indeed, studying the consequences of the gauge ﬁeld Bianchi
identities5 one ﬁnds, ﬁrstly, that the commutator of vector and
spinor covariant derivatives reads [Dα B˙ ,Da] = iγaαβW β iB˙ ∂i and
that the Grassmann spinor octet ﬁeld strength Wα B˙
i is given by
Wα B˙
i = i
7
Dα A˙W A˙B˙
i = 4e¯−1 i jk∂ jφ J ∂kψαAγ JA B˙ (3.1)
and, secondly, that tensorial gauge ﬁeld strength ([Dμ,Dν ] =
F iμν∂i) reads
6 Fμν i = − 116μνργ ραβDαA˙W
β i
A˙
so that
Fμν
i = −2e¯−1 i jkμνρ
(
∂ jφ
J ∂kDρφ J + 2i∂ jψAγ ρ∂kψA
)
. (3.2)
In (3.2) one recognizes the Chern–Simons type gauge ﬁeld equa-
tions which can be obtained from the BLG Lagrangian of [1]. This
expresses the tensorial gauge ﬁeld strength through the matter
(super)ﬁelds.
The dynamical bosonic and fermionic equations of motion of
the NB BLG model follow from the superembedding-like equation
(2.1) and the super-CS equation (2.3). Indeed, with the use of (2.2),
one ﬁnds that the selfconsistency condition for Eq. (2.1) gives the
expression for Grassmann covariant derivative of the fermionic su-
perﬁeld ψβB in (2.1),
Dα A˙ψβB =
1
2
γ
μ
αβDμφ Iγ IB A˙ +
1
3!e¯ αβW
I J i∂iφ
K γ˜
I J K
A˙B
= 1
2
/Dαβφ I γ˜ IA˙B +
1
6
αβ
{
φ I , φ J , φK
}
γ˜
I J K
A˙B
. (3.3)
Next stage is to study the selfconsistency conditions for Eq. (3.3).
Its SO(1,2) vector and SO(8) tensor (∝ γ˜ I J K Lγ μαβ ) irreducible
part gives us the expression (3.1) for the spinor ﬁeld strength of
the SDiff3 gauge ﬁeld (fermionic superpartner of the BLG Chern–
Simons equation (3.2)).7 Taking this into account in the SO(1,2)
vector–SO(8) scalar (∝ δ A˙ B˙γ μαβ ) irreducible part we obtain the BLG
Dirac equation
γ
μ
αβDμψβB = −
1
e¯
 i jk∂iφ
I∂ jφ
J ∂kψαAγ
I J
AB , (3.4)
which can be equivalently written in the following compact form
/Dψ = −{φ I , φ J ,ψ}γ I J . (3.5)
As usually, the bosonic equations of motion can be obtained by
taking the covariant spinorial derivative of the fermionic ones. Act-
ing by the covariant (SDiff3 and SUSY covariant) spinor derivatives
on (3.4), and extracting the ∝ αβγ IC A˙ irreducible part one ﬁnds
DμDμφ I = 2
{
φ J , φK ,
{
φ I , φ J , φK
}}− 4iαβ{ψα,γ I Jψβ,φ J
}
.
(3.6)
The ∝ γ μαβγ IC A˙ irreducible part of the same relation can be used to
obtain the bosonic Chern–Simons equation (3.2), while the ∝ γ I J K
C A˙
irreducible parts vanish identically.8
5 I.e., Jacobi identities for the covariant derivatives, [Dα A˙ , {Dβ B˙ ,Dγ C˙ }] +
( β B˙
α A˙↗↖ ↓
γ C˙
) = 0, etc.
6 These equations can be also obtained from consistency of (2.1) with the use of
(2.3) (see below).
7 On the way of such a derivation of (3.1) one should use the requirement of that
the dependence of M3 coordinates should not be restricted, i.e., no additional con-
ditions on ∂iφ I may occur. Then, coming to the equation (W iA˙ − · · ·)∂iφ I = κBγ IB A˙ ,
one concludes that κB = 0 and that W iA˙ = · · · where multidots denote the r.h.s. of
Eq. (3.1).
8 To prove this, one has to use the consequences {φL , φ[I , {φ J , φK ], φL}} = 0
and  I J K LMNP Q {φL , φM , {φN , φ P , φQ }} = 0 of the so-called fundamental identity
{φL , φM , e¯{φN , φ P , φQ }} = 3{e¯{φL , φM , φ[N }, φ P , φQ ]}} (the presence of the density
e¯(y) in the fundamental identity and its absence in its consequences above is not
occasional).
I.A. Bandos / Physics Letters B 669 (2008) 193–195 195To conclude, the superembedding-like equation (2.1), supple-
mented by the covariant derivative algebra (2.2) with the compos-
ite scalar ﬁeld strength (2.3), restricts ﬁeld content of the basic
octet of d = 3, N = 8 scalar superﬁelds φ I , depending in addition
on three coordinates of a compact space M3, to the NB BLG su-
permultiplet, and, furthermore, accumulates all the equations of
motion of the NB BLG model.
4. Conclusions
In this Letter we presented the N = 8 superﬁeld description
of the Nambu bracket (NB) realization of the Bagger–Lambert–
Gustavsson (BLG) model. It is given by an octet of scalar N = 8,
d = 3 superﬁelds φ I which, in addition, depend on the three co-
ordinates yi of compact space M3. This octet of superﬁelds is
restricted by Eq. (2.1), which, as we have shown, contains all the
equations of motion of the NB BLG model when supplemented (at
least, when supplemented) by super-Chern–Simons equation (2.3)
(or, equivalently, (2.4)).
We call the basic Eq. (2.1) superembedding-like equation because
of its relation with the superembedding equation describing one
M2-brane in the d = 3, N = 8 worldvolume superspace which is
as follows. To obtain (2.1), one has ﬁrst to linearize the super-
membrane superembedding equation [12], see [13], and to ﬁx the
so-called static gauge on the worldvolume superspace, arriving at
the equation Dα A˙ X
I = 2iγ˜ I
A˙B
ΨαB . Then one replaces the octet of
d = 3, N = 8 superﬁelds X I (x, θ) by the octet of superﬁelds de-
pending also on coordinates of M3, X I (x, θ) 
→ φ I (x, θ, y) (this
automatically produces ΨαB(x, θ) 
→ ψαB(x, θ, y)) and covariantize
the result with respect to the volume preserving diffeomorphisms
of M3 (Dα A˙ 
→ Dα A˙ = Dα A˙ + ς iα A˙∂i).
We hope that our superﬁeld description will be useful in study-
ing the properties of the NB BLG model and in understanding its
physical meaning.
Actually, such a way of passing from the complete nonlinear
description of one M2-brane in the frame of superembedding ap-
proach [12] to the NB BLG model—namely ﬁrst linearization, and
than obtaining nonlinearities by a separate covariantization with
respect to SDiff3—suggests that NB BLG model may be not a de-
scription of multiple M2-brane, but rather an independent—and
without any doubt very interesting—d = 3, N = 8 supersymmet-
ric dynamical system.
Actually, a search for alternative candidates on the rôle of mul-
tiple M2-brane action can be witnessed. A very incomplete list
includes the N = 6 supersymmetric model of [14], d = 3, N = 2
supersymmetric models of [15], as well as very recent construc-
tion of a candidate multiple M2-brane bosonic action, similar to
the Myers action for the coincident bosonic D-branes, in [16].
The generalization of our on-shell N = 8 superstring description
for the case of arbitrary 3–algebra seems to be possible9 and, in
many respects, looks interesting to develop in details.
9 This is better seen when one writes the SDiff3 covariant derivatives in terms of
Lie brackets of vector ﬁelds, Dφ I = Dφ I + [ς,φ I ], F = ds + 12 [s, s]. Then these Lie
brackets can be substituted by the commutators and the commutators of the ﬁeld
strengths are deﬁned by 3-brackets with scalar and spinor ﬁelds, e.g., [W I J , . . .] =
{φ I , φ J , . . .}.Note added
When this Letter has been ﬁnished, the article [17], addressing the same subject
from the pure spinor (pure spinor superspace) perspective, has appeared on the net.
A very intriguing statement in [17] is on existence of the superspace action that, if
so, would be the ﬁrst known example of the superﬁeld action with 16 supersym-
metries. The action presented in [17] can also be considered as a realization of the
harmonic superspace programme of [19] with pure spinors substituting harmonic
variables.10 The approach of [19] overcame some no-go theorems because the num-
ber of auxiliary ﬁelds in it was inﬁnite. It would be very interesting to analyze the
structure of auxiliary ﬁeld sector in the action of [17].
After the ﬁrst version of this Letter appeared on the net, certain aspects of mea-
sure on the pure spinor space, which were left out and simply assumed to work
in [17], were addressed in [20], where a similar pure spinor superspace formulation
was also presented for the N = 6 model of [14].
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